In this paper, we classify 4-dimensional minimal CR submanifolds M of the nearly Kähler 6-sphere S 6 (1) which satisfy Chen's equality, i.e. δ M = 15 2 , where
Introduction
Submanifolds of the nearly Kähler 6-sphere S 6 (1) have been an active field of research and many interesting properties of these submanifolds have already been described (see for example [5, 7, 8] ).
Considering R 7 as the imaginary Cayley numbers, it is possible to introduce a vector cross product × on R 7 , which induces an almost complex structure J on the standard unit sphere S 6 in R 7 . From a variational point of view it is shown by E. Calabi and H. Gluck (see [3] ), that this is the best almost complex structure on S 6 (1) .
Traditionally studied were almost complex submanifolds and totally real submanifolds. These are submanifolds for which either the tangent space is preserved or is mapped into the corresponding normal space by J . A natural generalization of this is the notion of CR submanifold as introduced by A. Bejancu in [1] .
A submanifold M of S 6 is called a CR submanifold if there exists a C ∞ -differential J invariant distribution : x → x ⊂ T x M on M (i.e., J = ), such that its orthogonal complement ⊥ in T (M) is totally real (J ⊥ ⊆ T ⊥ (M)), where T ⊥ (M) is the normal bundle over M in S 6 .
In this paper we are interested in 4-dimensional CR submanifolds. Note, that it was shown by A. Gray in [9] , that there exists no 4-dimensional almost complex submanifolds of S 6 . Hence, a 4-dimensional CR submanifold is automatically proper, i.e. neither nor ⊥ are zero-dimensional. CR submanifolds have been previously studied amongst others by K. Mashimo, H. Hashimoto and K. Sekigawa (see [12] and [11] ).
Here, we want, in particular to investigate such submanifolds in relation to the basic inequality, discovered by B.Y. Chen in [4] for submanifolds of a real space form. This inequality relates a basic intrinsic invariant constructed using the sectional curvatures, with the main extrinsic invariant (length of the mean curvature vector). For a 4-dimensional submanifold M of the sphere S 6 with mean curvature H this inequality reduces to (1) , we say that they satisfy Chen's basic equality (we refer the reader to [6] ). For such submanifolds there is a canonical 2-dimensional distribution defined by
where h is the second fundamental form of M in S 6 . The distribution D is completely integrable if the dimension of D(p) is constant, see also [4] .
In this paper we study 4- 
Preliminaries
Let S 6 be the 6-dimensional unit sphere. The multiplication of the Cayley numbers O can be used to define a vector cross product × on the purely imaginary Cayley numbers R 7 using the formula
Then the standard inner product on R 7 is given by
and it is also elementary [10] to show that
and that the triple scalar product (u × v, w) is skew symmetric in u, v, w. We identify the set of pure imaginary octo- An orthonormal basis of R 7 which satisfies the relations from the previous table is called a G 2 -basis. The (1, 1) tensor field J defined in the following way:
is an almost complex structure. In fact, J is Hermitian and nearly Kähler (see also in [2] ). Let M be a Riemannian submanifold of M. If we denote by , , D and D metric and Levi-Civita connections on M and M, respectively, and by D ⊥ the corresponding normal connection of the immersion M → M then the formulas of Gauss and Weingarten are given by
, where h and A are second fundamental form and shape operator, respectively. They are related by
Let us denote by ∇, ∇ and D the Levi-Civita connections on M, S 6 and R 7 , respectively. Let h andh be second fundamental forms corresponding to the immersions M → S 6 and S 6 → R 7 , respectively. Let p be the position vector field of the immersion of M into R 7 . Then the following equations hold
where X, Y ∈ T (M). Considering (7), (8) and (10) 
where ∇ ⊥ denotes the normal connection corresponding to the immersion of M into S 6 . Also, if we denote
Also the following lemma holds.
4-dimensional submanifolds of sphere S 6
Let M be a 4-dimensional CR submanifold of S 6 . In [9] , A. Gray showed that there are no 4-dimensional almost complex submanifolds of the sphere S 6 and since the dimension of the almost complex distribution has to be even it follows that the dimension of the almost complex distribution has to be 2. Let {ξ, η} be an orthonormal frame for the T ⊥ (M). Then, since p is orthogonal to ξ and η it follows that ξ × η is tangent to M. Further, using (6) it follows,
Consequently, J (ξ × η) is orthogonal to ξ and similarly we find that J (ξ × η) is also orthogonal to η.
Therefore, the almost complex distribution is spanned by ξ × η and J (ξ × η). We denote this distribution by U . Notice that J ξ is orthogonal to ξ and also, as the triple scalar product is skew-symmetric it follows
It is easy to conclude that the distribution spanned by J ξ and J η is orthogonal to U and totally real. We will denote this distribution by U ⊥ .
Note that ξ × η remains invariant under rotations in the normal bundle. Also, it is clear that the basis {p,
The following lemma is straightforward.
Lemma 2. There exist local functions
Further, let us denote:
The vector fields F 1 , F 2 , F 3 , F 4 form a local basis of the tangent bundle of the submanifold M. Since the shape operator is symmetric we may assume that operators A ξ and A η have the following shape in this basis
where β i , γ i are local functions. It follows immediately from (9) that
Lemma 3. Let α i , β i , γ i be the previously defined coefficients. Then we have:
and
Proof. As the connection is the Levi-Civita connection, we can write 
and therefore
12 . Analogously, the other equations also hold. 2
Further, since ξ, J η = 0, we get
From now on assume that the CR submanifold M is minimal and satisfies Chen's equality. It is well known that this implies that the distribution D = {Z ∈ T (M) | h(X, Z)
which means that such vector field V is in the space spanned by F 2 , F 3 and F 4 .
As D is 2-dimensional, there exists a V 1 ∈ D which is orthogonal to F 2 (i.e. V 1 ∈ L(F 3 , F 4 )). We can make a suitable choice of the basis of T ⊥ (M) assuming that
Next take V 2 ∈ D which is orthogonal to V 1 . Then we can write
In the next two lemmas, we will use the previously constructed frame and we will explore the condition that M satisfies Chen's equality in order to obtain information about the components of the shape operator.
Lemma 4. There exists local function t on M such that
Proof. Taking h(V i , F j ) = 0, i ∈ {1, 2}, j ∈ {1, 2, 3, 4} we easily get (17) and cos φβ i + sin φβ i+2 = 0, cos φγ i + sin φγ i+2 = 0, i ∈ {2, 5}, cos φβ j + sin φβ j +3 = 0, cos φγ j + sin φγ j +3 = 0, j ∈ {6, 7}, and considering the minimality of the submanifold it follows that
Hence, we conclude cos φβ 2 − sin φ = 0, cos φγ 2 + sin φγ 4 = 0, cos φβ 1 − sin φβ 7 = 0, cos φγ 5 + sin φγ 7 = 0, cos φγ 7 + sin φγ 10 = 0.
Notice that cos φ = 0. Also, for some function μ we have β 1 = μ sin φ and β 7 = μ cos φ. Posing now, t = tan φ, we have
Lemma 5. The following equations hold:
Proof. It follows from Codazzi equation (15) for
Similarly, for X = F 3 , Y = Z = F 1 it follows that
The other relations are obtained in a similar way. 2
Using the previous expressions for the connection coefficients, we conclude that
In particular, we remark that these vector fields do not define local coordinates. Moreover, by straightforward computation, using the differential equations of Lemma 5 we verify the following lemma.
Lemma 6. The vector fields
Expressing the frame F i in terms of the frame G i we also see that:
From Lemma 5 it then follows that:
From the above equations, we now easily deduce that
if necessary after a translation of coordinates x 2 and x 3 . Let us now complete the proof of the main theorem. From (12) and (11) we conclude that
Taking i = j = 2 the last equation reduces to
for some vectors A and B. Taking i = 1, j = 2 in (19) we get
Similarly, for i = 2, j = 3 we get 
for some vectors C and D. Now, (21) reduces to
Taking i = 1, j = 1 in (19) we obtain
From (22) and (23) we obtain Using (19) we get Now, the formula (3) follows directly. Conversely, straightforward computation shows that this submanifold satisfies the conditions of the theorem.
